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Abstract. In this letter the dualities of thermodynamics of dense quark/hadronic
matter are discussed. It is shown that chiral symmetry breaking (CSB) phe-
nomenon is dual to charged pion condensation (PC) phenomenon..
1 Introduction
It is believed that strong interation phenomena described by quantum chro-
modynamics (QCD). QCD is notoriously hard to deal with especially at finite
baryon density where even lattice QCD approach faces insurmountable diffi-
culties. One of the ways out is to use effective models such as NJL model.
Many different physical quantities are studied in terms of this model. Resem-
blant four-fermion models are also discussed in low dimensions as a toy model
for QCD [7,8, 9] or even in connection to condensed matter systems [2, 10]. In
this letter the so-called duality properties of QCD phase diagram are discussed.
They are the dualities of QCD thermodynamics (of the phase structure of QCD)
with different densities (such as baryon density, chirality, isospin asymmetry).
2 The model and matter with non-zero isospin and chiral densities
Let us discuss here a phase structure of the two flavored dense quark matter
with different imbalances. In order to describe non-zero baryon (quark) density
nB ∼ nu + nd 6= 0 one need to add to the Lagrangian the following term
µB
3
q¯γ0q. The isospin imbalance nu − nd 6= 0 can be introduced as µI2 q¯τ3γ0q.
The more exotic condition, chiral n5 = nR − nL 6= 0 and chiral isospin nu5 −
nd5 6= 0 imbalances can be accounted for by the following terms µ5q¯γ0γ5q and
µI5
2
q¯τ3γ
0γ5q.
It is considered in (3+1)-dimensional NJL model which Lagrangian has the
form
L = q¯
[
γν i∂ν +
µB
3
γ0 +
µI
2
τ3γ
0 +
µI5
2
τ3γ
0γ5 + µ5γ
0γ5
]
q +
G
Nc
[
(q¯q)2 + (q¯iγ5~τq)2
]
, (1)
where q field is the flavor doublet, q = (qu, qd)
T , where qu and qd are four-
component Dirac spinors. τk (k = 1, 2, 3) are Pauli matrices. From now on the
notations µ ≡ µB/3, ν ≡ µI/2, ν5 ≡ µI5/2 will be used.
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To find the thermodynamic potential (TDP) of the system, we use a semi-
bosonized version of the Lagrangian,
L˜ = q¯
[
γρi∂ρ + µγ
0 + ντ3γ
0 + ν5τ3γ
0γ5 + µ5γ
0γ5 − σ − iγ5πaτa
]
q −
Nc
(
σ2 + π2a
)
4G
, (2)
which contains composite bosonic fields σ(x) and πa(x) with equations of mo-
tion
σ(x) = −2 G
Nc
(q¯q); πa(x) = −2 G
Nc
(q¯iγ5τaq). (3)
Note that the composite bosonic field σ can be identified with sigma meson
(or f0(500)) [1], whereas bosonic field π3(x) can be identified with the physical
π0(x)-meson and fields π1,2(x) with the physical charged π
±(x)-mesons by
means of the following expression π±(x) = (π1(x) ∓ iπ2(x))/
√
2.
Here we suppose that the ground state expectation values 〈σ(x)〉 and 〈πa(x)〉
do not depend on x and without loss of generality one can the following ansatz
〈σ(x)〉 =M, 〈π1(x)〉 = ∆, 〈π2(x)〉 = 0, 〈π3(x)〉 = 0. (4)
In the leading order of the large-Nc expansion TDP can be shown to have the
following form
Ω(M,∆) = f(M2 +∆2, a+, b+, c+)× f(M2 +∆2, a−, b−, c−), (5)
where
a± = M
2 +∆2 + (|~p| ± µ5)2 + ν2 + ν25 ; b± = ±8(|~p| ± µ5)νν5;
c± = a
2
± − 4ν2
(
M2 + (|~p| ± µ5)2
)− 4ν25 (∆2 + (|~p| ± µ5)2)− 4ν2ν25 .
3 Duality relations.
It can be seen from Eq (5) that the TDP is invariant with respect to the
transformation
D : M ←→ ∆, ν ←→ ν5. (6)
It is a so-called main duality and it tells us that we can simultaneously ex-
change chiral condensate and charged pion condensate and isospin and chiral
imbalances and the results do not change. This means that CSB phenomenon
in the system with isospin (chiral) imbalance is the same as (equivalent to)
charged PC phenomenon in the system with chiral (isospin) imbalance. It is
an interesting property of the phase structure.
Besides the main duality there are two other so-called constrained dualities,
which include additional constraint. For example, it is possible to show that
with the constraint ∆ = 0 (if there is no charged PC) the TDP (5) is invariant
with respect to the following transformation
DM : ∆ = 0, µ5 ←→ ν5, (7)
Figure 1: The main duality D is valid in the most general case, the dualities DM and D∆
valid only outside of PC and CSB phases.
meaning that CSB phenomenon does not feel the differece between two types
of chiral imbalance (chiral and chiral isospin imbalances).
Also one can demonstrate that with the constraint M = 0 (chiral symmetry
is restored) the TDP is invariant with respect to the transformation
D∆ : M = 0, µ5 ←→ ν. (8)
This means that charged PC phenomenon is influenced in the same way by
completely different imbalances of the system, namely chiral and isospin ones.
Moreover, let us note that the dualities DM and D∆ are dual to each other
with respect to the main duality D. The sketch clarifying the dualities and
their interrelationsis depicted in Fig. 1.
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